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ABSTRACT
Here we speak about the Applications to partial differential equations by using exterior differential system, we have
shown that a technique which developed for systematically a prolongation structure a set of interrelated potential
and pseudo potentials for nonlinear partial differential equations, the generalized KdV equation and Camassa-Holm
are consider in this work.
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INTRODUCTION

An exterior differential system which defines a generalized KdV equation on the transverse manifold was obtained
[9]. A particular case of this equation has appeared in [10] recently. The symmetries of this equation were
determined and some solutions were found as well [11]. This permitted the determination of a certain form of
integrability. Also, a particular type of prolongation over a fiber bundle was found corresponding to this differential
system, as well as a specific form for a Backlund transformation with its associated potential equation. Here, the
same differential system is studied, but a fully general calculation of the prolongation over the same bundle is
carried out in detail for this generalized KdV equation. This allows the prolongation structure for any case of the
given parameters in the equation. For completeness, the general theory for obtaining such prolongations based on
the given exterior system of differential forms that defines the equation upon sectioning to a transversal integral
manifold will be outlined first. Transversal integral manifolds give solutions of the equation. Finally, this work is
extended to a study of a differential system of one-forms which define an equation that includes the Camassa-Holm
equation which has been of interest because it has been shown to have peaked soliton solutions. The Camassa-Holm
equation has alot in common with the KdV equation, but there are significant differences as well. The KdV equation
is globally well-posed when considered on a suitable Sobolevspace, while Camassa-Holm is in general not. The first
derivative of a solution of the latter can become infinite in finite time. The associated prolongation equations are
developed and found to be much more restrictive than the previous case. However, it is shown that at least one
solution to the prolongation system can be found.

PROLONGATION

Roughly speaking, the prolongations of a differential system are the differential system obtained by adjoining to the
original differential system its differential consequences. The concept of prolongation tower, which will be defined
below, gives an abstract formulation of the operation of the prolongation. A general conjecture of ElieCartan, [2],
proved by Kuranishi, [3], for a wide class of differential systems, state that an analytic differential system with
independence condition it's takes a finite number of prolongations for it to be either involutive or incompatible, or
has no solutions. This result is known as Cartan-Kuranishi Theorem. The proof of Cartan's conjecture has been
given under a different set of hypotheses in the treatise [1]. Our purpose is to review some of the basic aspects of the
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prolongation theorem. We assume that all manifolds and the differential systems under consideration are of class

Cm
The prolongation tower of an exterior differential system with independence condition [f, ﬂ) on an 1 -dimensional
manifold M is defined as a follows. Let f: 17, — M be an immersion and let f,: W, = G, (M) denote the

map into the Grassmann bundle of p-planes in T'M determined by f The Grassmann bundle Gp (M:I is endowed

with a canonical exterior differential system C{ﬂ defined the property that f,*C{lj = 0 for any immersion
f I-"l—‘;:I — M. Using affine fiber coordinates [l’i,ua,uf), 1=i< P, 1 = a = n, on Grassmann

bundle Gp (M:I the system C{ﬂ is defined as the differential ideal generated by the 1-form
j

9% = dus —Zugfdxi. (1)
i=1

We choose component ¥, (1) of the sub-variety of Gy (M) defined by the P-dimensional admissible integral

elements of I and assume ¥, (I) to be C* manifold.

THE PROLONGATION STRUCTURES OF GENERALIZED KDV EQUATION

As the best known equation exhibiting all these phenomena, the KdV equation ( where KdV is Korteweg-de Vries)
provides an excellent prototype upon which to exercise and illustrate any new development. Accordingly, in this
work we concerned with obtaining the prolongation structure of the KdV equation and illustrating its relation to the
many known techniques for treating this equation. Since the analysis is performed in the perhaps unfamiliar
language of Cartan's exterior differential forms [1]. Let us first give a brief introduction, defining the notation and
setting up the KdV equation in terms of differential forms. While we do not emphasize the geometrical
interpretation of our analysis (which is so well expressed by the differential form language), even analytically this
notation is unquestionably superior for any treatment of conservation laws and integrability conditions.

These ideas are applied to a class of equation that includes the nonlinear Kortewege-de Vries equation. We write

+ (v™ + ) =0. 2
Ve + (V™) e ?n+stv )x (2)

where, ¥ is a nonzero real constant. A more compact form is obtained if we set 711 = 1. + & % 0 and define a
new constant ,8 =ny / (n + S), then the (2) takes the form

v, + (V") e + f(V™),. = 0. (3)

AN EXTERIOR DIFFERENTIAL SYSTEM AND ASSOCIATED DIFFERENTIAL EQUATION
To begin the investigation, an exterior differential system which is relevant to the partial differential equation must

be introduced. An exterior differential system is given which is defined over base manifold M = ]RS, which
supports the differential forms. Consider the system of the 2-forms given by

a; =nu" tdundt —pdxadt =0,

a, =dpAadt —gdx ndt =0, (4)

a; = du ndt —dgadt —ypu’dx Adt =0,

then, take the differentiating forms in (4), we get
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da, = —dpAdx Adt = dx A a,,
da, = —dg Adx Adt = dx A ag,
day = —yspu* *dundx A dt —yuSdp Adx Adt (5)

g
=dx A (}f Epus‘“al + }rpusazj.
3
Therefore, it can be seen that of all these exterior derivatives vanish modulo [-:Ij} g Any regular 2-dimensional
.lr =
solution manifold in the 5-dimensional space S, = {fu(x,t), U, = p(ﬂrj, t), px(I, t) = q[:l', t)}
satisfying a specific partial differential equation of the form (4) will annul this set of forms. The system that

mentioned in (4) is integrable. The exact form of this equation which corresponds to (4) can be found explicitly by
sectioning the forms into the solution manifold. It follows that

0=a,|S=((u"), —pdx Adt,

0=a,|S=(p, —q)dxAdt, (6)

0=asy|S=(u;+q,+ ypu)dt A dx.

thus, the result that give us the equation (3).

DETERMINING PROLONGATION ALGEBRA

Based on the forms in system (4), the prolongation method outlined in [1] can be carried out, and the resulting
system of equations can be solved quite generally. A very general prolongation corresponding to (2) can be

calculated in terms of an algebra of vector fields which are defined on fibers above the base manifold that supports
the forms (4). Then, to generate a prolongation algebra, the system (4) is substituted into prolongation condition

dn + 51 [7,m] = 0, mod p”(I) which lead us to

Adt ANdx + Aydu Adx + Aydp Adx + Aydg Adx + Bydx Adt

B,du Adt + B,dp A dt + B,dg Adt + [4, Bldx A dt

= A, (mu" *dundt — pdx A dt) + A, (dp A dt — gdx A dt)
+A;(dun dx —dg ndt — ypu®)dx Adt

Comparing the coefficients on the both side of two forms of (7) then, we get

A, =1, A,=0, A,=0,

B, =nAu"?', B,=1,  By,=—A,, (8)

—A, + B, +[A,B] = —pd, — qd, —ypu’l,.

Subscripts indicate partial differentiation with respect to the variable indicated. Translations in X and f constitute

(7)

symmetries of equation (2), and so a simplifying assumption would be to suppose that A, 5 are independent

on(x,t). so that, 4, = A, = 0,B, = B, = 0, means it must be that A, Bare also invariant under
translations in these variables. This introduces a considerable simplification into (8) reducing it to

A,=0, A,=0, A,=-B,
(9)

D q

1
—[A,B] = Eul‘“pﬁu +qB, — ypu°B,.

Example (1)
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The system (9) can be reduced to a single expression which specifies the algebra of brackets of a set of basis vector

field Xl-. The structure of these algebra is dependent on the relative values of 171 and 71.

Proof
The differential equations in (9) imply the following results

A=A(wy), B=Bupqy), B=-g4,(wy)+Bwpy. (10)
Substituting B and collecting terms in ¢ gives

1 _ 1 R R
q (— Eul_“;ﬂﬂw +B, - [A,Au]) + Epul‘“ﬂu +yputA, +[4,B] =0. (11)

Since A, E do not depend on ¢, then, it follows from (11)

-

1
B, = Eul_“pﬂw + [A4,4,]. (12)
As A does not depend on P, this can be integrated to giveﬁ
. 1
B(u,p.y) = ﬁul‘“pzﬂw +[4,A,lp + B" (w,y). (13)
Substituting (13) into (11) as well asﬁ , there results

1
ﬁul‘z'ﬂ((l —n)A,, +ud,,, )pa +ut ™A, AL Ip" + Ut B p + nyput A,

1
+n [A,ﬁul‘“pzﬂw + [AA,lp+ B”] =0 (14)

since A, B"'do not depend on D, the coefficient of;t;i3 must vanish giving theequation
(1—-n)A,, +ud,, =0. (15)

Then, (15) can be solved for A to give

Al v) = X,(v) + X, (Vu + X, (y)u™*, (16)

where theX' i [jﬂ are vertical vector fields. Consequently, (14) simplifies to
1
ut ([A, Al +5 14 Aw]) p? + (mywe A, +wr B +n[4,[4,4,]1])p +nl4,B"]
=0. (17)

The coefficient of pz implies [A, Auu] = (), which using (16) immediately establishes two basic commutators
of the vector fieldsX;, X5, and X5

[X1,X3]1=0, [X5,X3]=0 (18)
The coefficient of I implies the condition

nyuw A, + u "B +nl[4,[4,4,]] = 0. (19)
Solving for B,E and let § = 111 — 1, we get

B = nyu™ 4, —nu"t[4, [4, A,]] (20)

By differentiation (16) we get A,, = X, + (11 + 1)u™X; and substituting to (20)
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B! = nyu™ (X, + (n+ Du"Xy) — mu" X, + X,u + Xu™t X, X,]] (21)

Suppose at this point that X’ 1s X 5do not commute with each other, then a new vector field can be defined as

| lr‘.. -

X; = [XIJXE]' (22)

Sitting X=X;,Y=XandZ =X, in the Jacobi identity

[x,1v,z1] + [v,[Z, x]] + [z, [X, ¥]] = 0O gives

[Xar[XerE]] + [Xlr [erxa]] + [XEJ[XEJXI]] =0 (23)

Furthermore, by restitution (18) on (23) we get

[X3,X;1=10 (24)

Thus, B, reduces to the form

B! = nyu™ (X, + (n+ Du"X,) — nu" (X + uX,). (25)

Two new commutators have been introduced to write (25) defined as

[X1,X7] =X, (X5, X7]1 = X. (26)

Using (26) in the Jacobi identity, the following brackets result

[XEJXE] = [XIJXE]J [Xarxa] = 0. (2?)

Finally, integrating B,lfwith respect to 1L yields an expression forB "

B'" = E}fum,?i( + M UYL — Ut X — LX +X (28)
m T — 3 > n+17% °F

Only one term in (17) remains to be satisfied, namely [4, B’ ] = 0. Thus substituting 4, B''into this bracket
and using linearity to expand out, we have
n(n+ 1)

p——— ]-"um+nX3 _ uﬂXE _

u"tx, + X,

n
X, +uX, +u™ X, —yu™Xx, +
1 2 3 ml" 2 1

uﬂH[erXa] + [Xerq-] - uﬂH[erXa]

=X, X ] — K, X ] — —
—m]’ 1:44 2 1: 445 n+1

unte [XZJXB] + U[erXﬂ -

——1 — 1u2ﬂ+2[‘¥3:‘¥5] +u“+1[X3,X4]

Therefore, the vector fields must be interrelated in such a way that the following holds among the coefficients of
each power of U

n 2n+1
[, X+ ™ [ ]+ 0 (= S [, X1+ X %]
n
+H[X21X4-] - uﬂ [XIJXE] - muﬂ+2 [XEJXB] - i 1u2ﬂ+2 [XEJXE] =0

Example (2)

There exist nontrivial algebras for the X ;specified by (18), (22), (24), (27) and the coefficients of powers of u in
(29), which depend on the relative values of 171 and 1.

Proof

It is required to equate the independent powers of U equal to zero. This has to be done on a case by case basis by

putting individual restrictions on 771 and 71, and not all cases are given.
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a) Suppose none of the powers of 14 in (29) are equal, hence 1. %= M %= 1,0. Equating each power of 1L to
zero gives the following algebra
[X3,X,]1=0, [X,,X,]1=0, [X,,X,]=0.
At this point, X'y and X'5 have be required to commute, since X' = (0 must hold. However, from (26), it follows
that X5 = Xz = 0. Moreover, [XerE] = Qimplies that X'y and X5 differ by a constant, hence X2 and X3

also differ by a constant. Finally, [X;,X,] = O implies that X, and X, differ by a constant. Therefore, we can
put

X1=EX, X2=JX, X3=X, X‘L:ﬂ:X (3{])
Substituting these results into A and B, they take the form
A=(s+ou+u"1)x, (31)
1 n nn+ 1)
B=—(c+(n+1Du")gX+-(n+Lp*X+—you™X + ———yu™""X + aX
(¢+n+DuM)gX + 5+ Dp X+ —y e

b) Suppose 1 #= 1 and m #= 1, 2,3, 4. Then the same algebra as (30) results and A, B are given by
(31) with 11 set equal to one.
c) Suppose now that 71 # 11 # 0,1, then prolongation equation (29) reduce to

!
[X,, X, ]+ ulX,, X,] +unt? (_[erXa] Thr1 [X.Xe]+ [XarX4])

(32)
+u™(yX; — [X, X< u" X, X u?2X,, X, ]=0
(rX; — [X1,X5] 1 [X,.X¢ —" [X3, X,]
This equation is satisfied provided that the following brackets hold
2n+1
[XEIXE] = D: [XQ.!XE] = ﬂr n + 1 [er ] [XEJXQ](SSJ

'}.’X?.z [XI’X.:_I]’ [XE’X‘I-]: D, [Xl’Xﬂlﬂ]:D
in addition to the brackets given in (24), (26), and (27). This algebra has a simpler three elementsrealization which
satisfies all the commutation relations provided that

Xg =ﬂ_.. X‘L=ﬂ, XEZ],XEJ X6=X2. (34)
The nonzero commutation relations are given by
X.X,1=X,, [X,.X,1=X,  [X0.X;]1=—vX, (35)

The algebra closes and a finite three-elements algebra results.
d) Supposethat71 = 1.+ 1 # 0,1, then prolongation equation (29) implies the algebra

XX 0 n XX 2n+1X X X X 0
[X3.X,]1=0, ]’m[ 1 2]_m[ 2. X5]+ [X3.X,] = (36)

[XerS] =0, [erXﬂ =0, [erxa] =0, [XarXa] =0

Recalling that (27) must be satisfied, a three element algebra results if we take

yn m

X, =X,, X, =0, Ne=——7""X,, X —X, (37

2 3 4 a En _|_ 1 1 6 2 + 1 2[: )
There is a closed algebra in this case with three nontrivial brackets

m n

X, X=X, X Xol=——7—7X,, Xy, X:|=—X,(38

[1 2] 7 [1 :-'] 2?l+11 [2 :-'] M+ 1 2()
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e) The linear case 7M. = 71 = 1 generates the following bracket relation
[X:L;Xq,] = [XErXE.] = [XQ:X{,] =0,
X, + [X,,X,] — [X1. X1 =0, (39)
[ngxq.] - [er;'(a] - %[XI,XB] =0,

f) Thecasem = 2,71 = 1 corresponds to the classical KdV equation and the brackets must satisfy

1 n3
[XErXE] =0, E]’X?[er-x?] =E[X3rX4]

(40)
[X,,X,] - [X,.X:]1=0, [X3.X,]1=0, [X,X,]=0.
Since (27) must be satisfied, this system is satisfied if we put
X;=X,=0, X5= —%Xl, Xs = gxz(cu)
There are three nontrivial commutators which take the form
X,X,]=X, [X.X,]= —gxl, [X,,X,] = gxz (42)

|
Now, we want toachieve a class of prolongation for the system (9), these condition imply
A=Ay }i’), B = B(u, p.q, }?:I. Let us take the following form for the vector fields A

A=A(wy)=X,+uX,, X, =X(y), i=1,2 (43)
Using 4,, = X and (4.8), A in (43) is sufficient to determine ' in the form
B = —qX, + C(u,p.y). (44)
Thence, the second equation in (9) takes the form
[X, +uX,, —qX,+ C]= —%ul‘“ffu —qC, — ypu'X,.
Simplifying the above formula, it follows

p _
EC“ +quT'C, =

_],-pu5+ﬂ— lXE + qun_l[XerE] - un_l[Xer] - uﬂ [XEJC]
Now, by defining the vector field X5 = [X;, X, ], then whenever C is independent of ¢, we obtain form (45)
that

(45)

C(up.y) = pX; +D(w,y). (46)
Substituting £ in (46) into (45), we get
p FTn— n— T
EDu:p{_}’u X, — Ut Xy, X - ut X, X )
_uﬂ_l{[xlxﬂ] _H[XEJD]} (4?)

Furthermore, the last term on (47) must vanish because I) does not depend on D, then we have two condition on D
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[XI,D] —_— H[XE,D] == D,
1 43
EDH: _']-"um_J-Xz_un_l[Xl,Xg]_un[Xz,Xg] ( )
where 111 = § + 1. By integrating in (48) with respect to U the second equation for D)

n T
D(wy) =—yv—umX, —u*[X, X.] ————u* 1 [X,, X.] + X,(49
(HJ’) Ym” 2 [1 a] n-l—lu [2 3] 4.-[: )

Substituting I from (49) into the first equation with commutator in (48), it can simplify to the following

n
m
n n
— [, [, X 1] + [, [, X 1]+ —— w2 X, [, X
n+1[1[2 3]] [2[1 3]] n+1 [2[2 3]]
Some of the brackets in the form (50) will vanish, if that 71t and 71 not be equal to one,
[XE’X‘L]: D, [XIJX‘L]:{}
To satisfy these brackets, one way in which this can be done is to take Xy, = ptX5 and Xy = £X4, from which
it follows that Xy = AX5, where (i, £ and A are real constants. Moreover, substituting these results into the

definition of Xg, it follows that Xg = (). Using all of these results in (50), it follows that the remaining terms in

(50) vanish, hence (50) is satisfied identically and we have one solution. To summarize these results for the vector
field, we have

X1=AX2, X2=X_, X3=D, X4=#X2. (5‘1)
Since there is only one independent vector field left, we have set X = Xz in (4.50) in this case, the prolongation
structure reduces to the following set of the vector fields

A=(A+uwX,
B=—qX+C,

C=D= —yiumﬁﬂ—]u)(: (—yium +1u));’
m m ’
X =X(yv), ApeR.

Given the results for A, B in (52), the connection form & is given by

@ =dy— {[}{+u)dx + (—q — y%u’m + p:) dt} X(v). (53)

(52)

The connection &) can always be chosen on R with coordinates ¥ and X = ﬂfﬁjﬁ', thus
n
@=dy—(A1+wdx — (—q — yaum +y,) dt,

and the solutions of the system (4) determine transversal sections of the fiber bundle such that, substituting
q= (u“) 4 these sections are defined by

YV, =A4+1u,
n 54
m
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Since (54) implies that it = ¥,,. — A, we can eliminate L to obtain an equation for y = y(x,t)

n
Ve + ([J}x—ﬂ)n)xx—I_]"E (J?x— A)m — U= 0.
it follows that A = & = 0, a potential equation in terms of Y results

Ve + ((00)) o + }f% ()™= 0. (55)

Although the prolongation or the solution of the vector fields (52) is not extremely complicated, in effect a Backlund
transformation has been determined in the form of the equations presented in (54). This set of equations transforms

the original equation into the form of its potential equation. Given a solution 1L of (2) then integrating (54) gives a

corresponding solution '}’ to (55).

PROLONGATION OF A DIFFERENTIAL SYSTEM RELATED TO THE CAMASSA-HOLM
EQUATION AND THE DEGASPERIS-PROCESI EQUATIONS

It is the intention here to review some of the mathematical background which will let us study some interrelated
equations which have been of interest recently. First we will give a brief introduction, defining the notation
andsetting up the Camassa-Holm equation in terms of differential forms. While we do not emphasize the
geometrical interpretation of our analysis (which is so well expressed by the differential form language), even
analytically this notation is unquestionably superior for any treatment of conservation laws and integrability
conditions.

These ideas are applied to a class of equations that includes the Camassa-Holm and Degasperis-Procesi equations.
These equations are of the form:

(U — Uy ) s +ulu — Uy ), + flu —uy,Ju, =0 (56)
Where, [/ = constant, nonzero.

An exterior differential system which reproduces the given equation on the transverse manifold is developed for
each case. The derivatives of the forms in this set are shown to be expressible in terms of the same forms, so the
integrability of each equation is established. Finally, conservation laws for the two equations will be written down
developed from the original set of one-forms.

Let us begin by introducing the system of exterior differential which is related to several equations which are of
interest in mathematical physics at the moment. In particular, the Camassa-Holm and Degasperis-Procesi equations
are to be included in this group. Define the following system of two forms

@, =dundt—pdxandt

a, =dpnandt—qgdxad (57)

ay =dundx —dgndx +dgndt+(u—qldxadt

Then, by differentiating the forms in (57), we get

da, = —dpAdx andt = (1/q)a, Adp

da, = —dg Adx Adt = az Adx (58)

da; =du Adx Adt —dgndx Adt = az Adt

Therefore, it can be seen that of all these exterior derivatives vanish modulo [aj}j—i' Any regular 2-dimensional

solution manifold in the 5-dimensional space S5 = {fu(x,t), U, = p(l‘, t), pxl':l', t) = ql':l', t)}
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satisfying a specific partial differential equation will annul this set of forms. The exact form can be found explicitly
by sectioning the forms into the solution manifold. It follows that

0=a,|S5=(u, —pldxadt

0=a,|S=(p, —qldxadt (59)

0=a3|S=((u—q)—(u—q)—qJdtrdx

thus, the result that give us the equation

[H - uxx)t - (H - uxx) T Uyxx = 0 (E’D)

this is the specific equation whose integrability is implied by system (57).

Consider the differential system:

@, =dundt—pdx Adt

a, =dp Adt —qgdx Adt (61)

ay =dundx —dg ndx +dundt —dgnadt+(u—qg)dxndt

Then, by differentiating the forms in (61), we get

da, = —dpAdx Adt = dx A a,

da, = —dgandx Adt = dx A (—agy + ay) (62)

da; = —dx A a;

Upon sectioning these forms, and the equation which belong to (61) arises from the section{f 5 |5 = () is given by

(H - uxx]t - (H - uxx)x - [H - uxx] =0 (63)

The final two cases which will be introduced include equations which are being actively studied at the moment
Define the following system of two forms, let ﬁ be a real, nonzero constant
@, =dundt —pdx Adt
a, =dp Adt —qgdx Adt (64)
ay=—dundx+dgndx —pfudgnadt+F2u—q)dundt

then, by differentiating the forms in (4.69), we get

da, =dx ANdpAdt =dx Aa,

da, = dx Adg Adt = (1/pu)dx A (—ay + fua, + f(u— qlay) (65)

dﬂ:g = D

Obviously all of the (65) vanish modulo the set of the tI}- in (64). Upon sectioning these forms, and the equation

| lr‘.. -

obtained from the restrictiontt 5

azls = ((u—q)¢ + pun, — Puq, + B(u—qudx Adt

from sectioning ¢4 and (X5, we have get

(H - uxx)t_ ﬁ(u[u - uxx))x =0 (66}

The following system leads to an important class ofpartial differential equations which are of much current interest.
The Camassa-Holm and Degasperis-Procesi equations are to be included in this group. Define the system of forms:

a,=dundt—pdxAndt

a, =dpAndt —qgdx Adt (67)
ay =—dundx+dgadx —udgadt +udundt+ Bu—q)dundt
Differentiating (67), we have:
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da, = —dpAdx Adt = dx A a,

da, = dx A(—ay +u((1+ pu—q)a,)

day = (1 —B)dg Adu ndt

=(1—-Bldgna,+(1—B)pdgadxndt (68)

=(1-pRldgana,+(1—8)p(a;+dundx)dt

=(1-Rldgna,+(1—-B)pdtaay;— (1 —LlpdxAadundt

=(1—-p)ldgAa; +pdt Aay—pdx Aa,]

All of the details for calculating dag have been shown here. Obviouslyall of the dajvanish modulo the set of aj.

from sectioning ¢, and X5, we have get other cases and the equation results from evaluating the section as follows:

0=a,ls=(u,—p)dxadt

0=a,|s=(p, —qldxadt (69)

0=azls=(u-q)+ulu—q),+plu—qudxndt

These results imply the partial differential equation:

(u—q)e+ulu—q)+plu—qlu, =0 (70)

then, by putting ﬁ = 3 and £ = U — ( the equation (70) becomes the Degasperis-Procesi equation
Pt uUp, +3pu, =0 (71)

again by putting ,8 = 2 and P = U — (] the equation (70) becomes the Camassa-Holm equation
o, +up,+2pu, =0. (72)

CONCLUSIONS

As a conclusion, the generalized KdV equation is considered in this paper. Using the technique prolongation
structure. We observe that the corresponding to different forms of the original non linear equation. The resulting lie
algebra is realized and the Backlund transformation obtained from prolongation structure is derived.
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